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Abstract
In this work, we consider the convergence of the Navier–Stokes flow to the Euler flow at small viscosity in
a general 2D domain and derive some explicit asymptotic formulas for the convergence at small viscosity under
some smoothness assumptions on the solution of the Euler flow.
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1. Introduction
The asymptotic behavior of wall bounded flow at small viscosity (or large Reynolds number) is one
of the most intriguing and largely open problems both in fluid mechanics and in mathematical analysis.
On one hand, the nonlinear term tends to mix the modes and propagate energy among them; on the
other hand, it is known that important phenomena occur in a thin region near the boundary called the
boundary layer, in particular, the generation of vortexes which propagate in the fluid and drive the flow.
Many articles were devoted to this problem: for example, Temam and Wang’s [1–3] and Weinan’s [4] for
the 2D or 3D Navier–Stokes flow. Temam and Wang [1,2] derived an explicit asymptotic formula for the
convergence of the Navier–Stokes flow to the Euler flow at small viscosity. Wang [3] gave a necessary
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and sufficient condition for the convergence and some applications in several special 3D flows. Later,
Weinan gave a review of the current status of the boundary layer theory and the zero-viscosity limit of the
3D Navier–Stokes flow [4]. For the asymptotic behavior of the solutions to the linearized Navier–Stokes
flow and the Oseen flow, the reader can refer to [5–7,2].
In this work, we consider the convergence of the Navier–Stokes flow to the Euler flow in a general
2D domain at small viscosity (or large Reynolds number). Under some smoothness assumptions on the
solution of the Euler flow as in [1,3], we derive better explicit asymptotic formulas for the convergence
at small viscosity.
Next, we consider the following Navier–Stokes flow:

ut − u + (u · ∇)u + ∇ p = f, div u = 0 in Ω × (0, T ];
u = 0 on ∂Ω × (0, T ]; u(x, 0) = u0 in Ω; (p, 1) =
∫
Ω
p(x, t)dx = 0, (1)
where ut = ∂u∂ t , Ω is an open bounded domain in R2 with C2 a smooth boundary, ∂Ω, u = u(x, t) =
(u1(x, t), u2(x, t)) denotes the velocity of the fluid, p = p(x, t) represents the pressure of the fluid,
f = f (x, t) is the prescribed external force, u0 = u0(x) is the initial velocity and  > 0 is the viscosity
of the fluid. The last condition (p, 1) = 0 in (1) is introduced for uniqueness of pressure p and clearly
(1) is the Euler flow if  = 0.
Here, we consider the limit of the flow (1) as  → 0+. The corresponding Euler flow is as follows:{
u0t + (u0 · ∇)u0 +∇ p0 = f, div u0 = 0 in Ω × (0, T ];
u0 · n = 0 on ∂Ω × (0, T ]; u0(x, 0) = u0(x) in Ω; (p0, 1) = 0, (2)
where n is the unit outer normal of ∂Ω . In order to consider the convergence of flow (1) to flow (2), we
need to introduce the following boundary layer flow which is an extension of the boundary flow provided
by Temam and Wang [7,1]:{
θt − θ + (u · ∇)θ + (θ · ∇)u0 + ∇η = 0, div θ = 0 in Ω × (0, T ];
θ |∂Ω = −u0 on ∂Ω × (0, T ]; u(0) = 0 in Ω; (η, 1) = 0. (3)
For the discussion of the boundary layer flow, the reader can refer to [7,1].
First, let us introduce some functional spaces as follows:
X = H 10 (Ω)2, Y = L2(Ω)2, M = L20(Ω) =
{
q ∈ L2(Ω);
∫
Ω
qdx = 0
}
.
Spaces L2(Ω)m = L2(Ω)× · · · × L2(Ω) (m times), m = 2, 4, are endowed with the L2-scalar product
and L2-norm denoted by (·, ·) and ‖ · ‖0, respectively. The space X is equipped with its usual scalar
product and norm as follows:
((u, v)) = (∇u,∇v), ‖∇u‖0 = ((u, u))1/2.
The subspaces V and H of X and Y are defined by
V = {v ∈ X; div v = 0 in Ω} and
H = {v ∈ Y ; div v = 0 in Ω and v · n = 0 on ∂Ω}.
In this work, we provide the following main results on the asymptotic behaviors of the flow (1).
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Theorem 1.1. Suppose that Ω , u0 ∈ H and f ∈ L∞(0, T ; Y ) are sufficiently smooth. If the solution
(u0, p0) of the Euler flow (2) satisfies the following smoothness assumptions:
‖u0(t)‖2 + ‖∇u0(t)‖L∞ ≤ κ, ∀0 ≤ t ≤ T, (4)
then the following holds:
sup
0≤t≤T
‖u(t)− u0(t)‖0 ≤ κ,
(∫ T
0
‖u − u0‖21ds
)1/2
≤ κ1/2, (5)
sup
0≤t≤T
∥∥∥∥
∫ t
0
(p − p0)ds
∥∥∥∥
0
≤ κ1/2, (6)
where ‖·‖i denotes the norm on the Sobolev space H i (Ω)m for i = 1, 2 and m = 1, 2 and κ is used to
denote a general constant depending on the data (u0, f,Ω, T ) which may vary from line to line.
Remark. The short time existence of the smooth solutions of the Euler flow (2) can be found in
Temam [8,9] provided the data (Ω, u0, f ) is sufficiently smooth, and the existence and uniqueness of
the global solutions for the two-dimensional case can be found in Kato [10]. Here the estimates (5) and
(6) are significant improvements of the results given in [1].
2. Proof of Theorem 1.1
We will give a proof of Theorem 1.1 in this section. First, we introduce the continuous bilinear form
d(·, ·) on X × M and trilinear form b(·, ·, ·) on X × X × X :
d(v, q) = −(v,∇q) = (q, div v) ∀v ∈ X, q ∈ M,
b(u, v,w) = ((u · ∇)v,w) ∀u, v,w ∈ X.
It is well known [11,12] that
‖q‖0 ≤ C sup
v∈X
d(v, q)
‖∇v‖0 ∀q ∈ M. (7)
Here and from now on C > 0 is used to denote a general positive constant depending only on Ω , and
it may vary from line to line. It is easy to verify that the trilinear form b(·, ·, ·) satisfies the following
important properties (see [11,12]):
b(u, v,w) = −b(u, w, v) ∀u ∈ V, v,w ∈ H 1(Ω)2, (8)
|b(u, v,w)| ≤ C‖u‖1/20 ‖∇u‖1/20 ‖∇v‖0‖w‖1/20 ‖∇w‖1/20 ∀u, v,w ∈ X. (9)
To prove our main results, we need the following two lemmas:
Lemma 2.1. Under the assumptions of Theorem 1.1, (w, r) = (u − u0 − θ, p − p0 − η) satisfies
‖w(t)‖20 + 
∫ t
0
‖w(s)‖21ds ≤ κ2 ∀0 ≤ t ≤ T, (10)∥∥∥∥
∫ t
0
r(s)ds
∥∥∥∥
2
0
≤ κ ∀0 ≤ t ≤ T . (11)
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Proof. From (1) and (8) it follows that
d
dt
‖u(t)‖20 + 2‖∇u(t)‖20 = 2( f (t), u(t)) ∀0 ≤ t ≤ T . (12)
Integrating (12) from 0 to t and using Hölder’s inequality, we obtain
‖u(t)‖20 + 2
∫ t
0
‖∇u(s)‖20ds ≤ ‖u0‖20 + 2T sup
0≤t≤T
‖ f (s)‖0 sup
0≤s≤T
‖u(s)‖0,
for all 0 ≤ t ≤ T . Moreover, from the above inequality it follows that
sup
0≤t≤T
‖u(t)‖0 ≤ ‖u0‖0 +
(
2T sup
0≤t≤T
‖ f (s)‖0
)1/2 (
sup
0≤s≤T
‖u(s)‖0
)1/2
,
which yields
sup
0≤t≤T
‖u(t)‖0 ≤ 2‖u0‖0 + 2T sup
0≤t≤T
‖ f (s)‖0.
Combining these inequalities, we obtain
‖u(t)‖20 + 2
∫ t
0
‖∇u(s)‖20ds ≤ 2‖u0‖20 + 4T (T + 1) sup
0≤s≤T
‖ f (s)‖20, (13)
for all 0 ≤ t ≤ T . Now we derive from (1), (2) and (3),{
wt − w + (u · ∇)w + (w · ∇)u0 = u0 − ∇r in Ω × (0, T );
w, u0, u ∈ V, r ∈ M, w(0) = 0. (14)
So (14) leads to the following variational formula:
(wt , v)+ ((w, v))+ b(u, w, v)+ b(w, u0, v) = −((u0, v))+ d(v, r) ∀v ∈ X, (15)
with w(0) = 0.
We notice that the regularity theory of the Navier–Stokes flow in 2D smooth bounded domain
guarantees u ∈ L∞(Ω × [0, T ]) if u0,Ω and f are sufficiently smooth with r = p − p0 − η in
L2(Ω × (0, T )) and ∇u0 in L∞(Ω × [0, T ]) by the assumption (4). Then we obtain w(t) ∈ V for any
t ∈ [0, T ] by the regularity theory for parabolic equations (see [13, Theorem 6.1 on page 100]). So
taking v = w in (15), noting that w ∈ V or d(w, r) = 0 and using (8) yields
d
dt
‖w(t)‖20 + 2‖∇w(t)‖20 ≤ 2‖w(t)‖20‖∇u0(t)‖L∞
+ 2‖u0(t)‖0‖∇w(t)‖0
≤ (1 + 2‖∇u0(t)‖L∞)‖w(t)‖20 + 2‖u0(t)‖22. (16)
Noticing (4), we obtain (10) by integrating (16) from 0 to t and using the well-known Grownwall Lemma.
Integrating (15) with respect to t , using (7), (9) and applying the Poincaré inequality to v ∈ X , we get
∥∥∥∥
∫ t
0
r(s)ds
∥∥∥∥
0
≤ C sup
v∈X
d
(
v,
∫ t
0 r(s)ds
)
‖∇v‖0 ≤ C‖w(t)‖0
+C
∫ t
0
‖∇w(s)‖0ds + C
∫ t
0
‖u0(s)‖2ds
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+C
∫ t
0
‖u(s)‖1/20 ‖∇u(s)‖1/20 ‖w(s)‖1/20 ‖∇w(s)‖1/20 ds
+
∫ t
0
‖w(s)‖0‖∇u0(s)‖L∞ds ∀0 ≤ t ≤ T . (17)
Notice that∫ t
0
‖u(s)‖1/20 ‖∇u(s)‖1/20 ‖w(s)‖1/20 ‖∇w(s)‖1/20 ds
≤
(∫ t
0
‖u(s)‖20ds
) 1
4
(∫ t
0
‖∇u(s)‖20ds
) 1
4
(∫ t
0
‖w(s)‖20ds
) 1
4
(∫ t
0
‖∇w(s)‖20ds
) 1
4
.
Finally, we arrive at (11) by using (4), (10) and (13). The proof of this lemma is complete. 
Next, we derive an explicit boundary layer behavior as  → 0+.
Lemma 2.2. Under the assumptions of Theorem 1.1 we have
‖θ(t)‖20 + 
∫ t
0
‖θ(s)‖21ds ≤ κ2, (18)∥∥∥∥
∫ t
0
η(s)ds
∥∥∥∥
2
0
≤ κ. (19)
Proof. From (3) and (8) it follows that for any 0 ≤ t ≤ T ,
d
dt
‖θ(t)‖20 + 2‖∇θ(t)‖20 ≤ 2‖θ(t)‖20‖∇u0(t)‖L∞
+ 2
∣∣∣∣
∫
∂Ω
θ(t) · ∇θ(t) · ndsx
∣∣∣∣+ 2
∣∣∣∣
∫
∂Ω
η(t)θ(t) · ndsx
∣∣∣∣
= 2‖θ(t)‖20‖∇u0(t)‖L∞ + 2
∣∣∣∣
∫
∂Ω
u0(t) · ∇θ(t) · ndsx
∣∣∣∣ , (20)
where we have used the boundary conditions in (2) and (3). Next, we give an estimate of the last term in
(20). By the trace theorem for the divergence free functions and the definition of H−1(Ω)4, we have
2
∣∣∣∣
∫
∂Ω
u0(t) · ∇θ(t) · ndsx
∣∣∣∣ ≤ 2‖u0(t)‖H 3/2(∂Ω)2‖∇θ(t) · n‖H−3/2(∂Ω)2
≤ C‖u0(t)‖2‖∇θ(t)‖H−1(Ω)4,
and
‖∇θ(t)‖H−1(Ω)4 = sup
φ∈H 10 (Ω)4
(∇θ(t), φ)
‖∇φ‖0 = supφ∈H 10 (Ω)4
−(θ(t), div φ)
‖∇φ‖0 ≤ C‖θ
(t)‖0.
Substituting the above estimates into (20) yields
d
dt
‖θ(t)‖20 + 2‖∇θ(t)‖20 ≤ ‖θ(t)‖20(1 + 2‖∇u0(t)‖L∞)+ C2‖u0(t)‖22 (21)
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for any 0 ≤ t ≤ T . Integrating (21) from 0 to t and using (4), we obtain (18). The variational formula of
(3) is as follows:
(θt , v)+ ((θ, v))+ b(u, θ, v)+ b(θ, u0, v) = d(v, η) ∀v ∈ X. (22)
Finally, by integrating (22) with respect to t , using (7), (9) and applying the Poincaré inequality to
v ∈ X , we obtain
∥∥∥∥
∫ t
0
η(s)ds
∥∥∥∥
0
≤ C sup
v∈X
d
(
v,
∫ t
0 η
(s)ds
)
‖∇v‖0 ≤ C‖θ
(t)‖0 + C
∫ t
0
‖∇θ(s)‖0ds
+C
∫ t
0
‖u(s)‖1/20 ‖∇u(s)‖1/20 ‖θ(s)‖1/20 ‖∇θ(s)‖1/20 ds
+C
∫ t
0
‖θ(s)‖0‖∇u0(s)‖L∞ds, (23)
for any 0 ≤ t ≤ T .
Notice that∫ t
0
‖u(s)‖1/20 ‖∇u(s)‖1/20 ‖θ(s)‖1/20 ‖∇θ(s)‖1/20 ds
≤
(∫ t
0
‖u(s)‖20ds
) 1
4
(∫ t
0
‖∇u(s)‖20ds
) 1
4
(∫ t
0
‖θ(s)‖20ds
) 1
4
(∫ t
0
‖∇θ(s)‖20ds
) 1
4
.
(19) is obtained from (23) by using (4), (13) and (18). The proof of this lemma is complete. 
Proof of Theorem 1.1. Since u − u0 = w+ θ and p − p0 = r + η , Theorem 1.1 follows easily from
Lemmas 2.1 and 2.2 in this section. Thus Theorem 1.1 is proved. 
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